Abstract. We define a cocycle on the group of Hamiltonian diffeomorphisms of a symplectically aspherical manifold and investigate its properties. The main application is an alternative proof of the Polterovich theorem about the distortion of cyclic subgroups in finitely generated groups of Hamiltonian diffeomorphisms.
Introduction
In the present paper we investigate the properties of a certain cocycle defined on the group of Hamiltonian diffeomorphisms of a symplectically aspherical manifold. The cocycle appears more or less explicitly in Gambaudo-Ghys [5] and Arnold-Khesin [1, p. 247] for the case of a symplectic ball.
As an application we proof a theorem due to Polterovich [17] that a finitely generated subgroup of the group of Hamiltonian diffeomorphisms of a symplectically hyperbolic manifold has undistorted cyclic subgroups.
Distortion of cyclic subgroups.
Let Γ be a finitely generated group and let |g| denote the word norm of g ∈ Γ with respect to some fixed finite set of generators. A cyclic subgroup g ⊂ Γ generated by g is called undistorted if there exists a positive constant C such that for any integer n ∈ Z there holds |g n | ≥ C · |n|. Remark 1.2. According to Gromov's definition [8] finite subgroup are also undistorted. It follows from our definition that an undistorted cyclic subgroup is infinite. (see Lubotzky-Mozes-Raghunathan [13] ).
The first application is the following result which was also proved by Frauenfelder and Schlenk in [3, Theorem 3.7] by a different method. Remark 1.6. It follows from the Thurston Stability (see for example Theorem 3.4 in Franks [2] ) that a group acting smoothly with compact supports on an open manifold has many undistorted cyclic subgroups. We show that the reasons for the undistortion are not purely topological. Namely, in Section 5.4, we present an example, due to Łukasz Grabowski, of a smooth compactly supported action of the Heisenberg group on R n for n ≥ 2. It is, however, not clear if the above theorem holds for volume preserving actions.
A symplectic manifold is called exact if the symplectic form is exact. Notice that in this case M is not closed. The boundary ∂M of a symplectic manifold (M, ω) is called convex if there exists a vector field X defined in a neighbourhood of ∂M such that L X ω = ω and it points outwards. A symplectic manifold (M, ω) is convex at infinity if there exists an increasing sequence of compact submanifolds with convex boundaries exhausting M. Example 1.7 (Symplectic manifolds convex at infinity).
(1) The standard symplectic Euclidean space (R 2n , ω).
(2) The cotangent bundle (T * X, dλ) over a smooth manifold X. (3) Stein manifolds.
Roughly speaking our proof of Theorem 1.5 consists of the following steps. We define a cocycle K : Both proofs rely on the existence of certain fixed points proved by Schwarz [18] for closed manifolds and Frauenfelder-Schlenk [4] for manifolds convex at infinity.
A symplectic manifold (M, ω) is said to be symplectically aspherical if the pull-back p * ω of the symplectic form ω to the universal cover is exact, ie. p * ω = dα for some one-form α. Observe that the symplectic asphericity is equivalent to the vanishing of the symplectic form on spheres. That is S 2 f * ω = 0 for any smooth map f : S 2 → M. Clearly, the symplectic asphericity depends only on the cohomology class of the symplectic form. Example 1.9 (Closed symplectically aspherical manifolds). Aspherical symplectic manifolds, such as tori, surfaces of positive genus and their products, are obviously symplectically aspherical. A branched covering of a symplectically aspherical manifold is again symplectically aspherical. This allows to produce more interesting examples possibly with non-trivial second and higher homotopy groups as it was done by Gompf in [6] . Also, a symplectic submanifold of a symplectically aspherical manifold is symplectically aspherical (see [9, 10] for other constructions and properties).
Let (M, ω) be a closed symplectic manifold equipped with a Riemannian metric g and let p : M → M be its universal cover. The manifold (M, ω) is called symplectically hyperbolic if it is symplectically aspherical and there exists a primitive α of p * ω which is bounded with respect to the metric induced by g. That is there exists a constant C ∈ R such that
Notice that the symplectic hyperbolicity does not depend on the choice of a Riemannian metric. Also, it depends only on the cohomology class of the symplectic form. Closed oriented surfaces of genus at least 2 and their products are symplectically hyperbolic as well as their branched covers and submanifolds. A symplectically aspherical manifold with word hyperbolic fundamental group is symplectically hyperbolic [11 
which is equivalent to the exactness of f * α − α.
. Its connected component of the identity is the group of Hamiltonian diffeomorphisms. Clearly, if
Enlargements of the group of Hamiltonian diffeomorphisms of a closed symplectic manifolds are investigated by McDuff in [14] .
If f ∈ Ham(M, dα) then there exists a function
Such a function is unique up to a constant. 
If α and β are two primitives of the symplectic form then
Since f is isotopic to the identity the closed one-form
It is straightforward to check that this defines an injective homomorphism
Now we have that
Remark 2.7. In the definition of ι we have only used the fact that f acts trivially on the first cohomology of M. Thus ι factors through 
where f t is the isotopy from the identity to f generated by F t .
Proof. Let γ : [0, 1] → M be a curve from x to y and let D be a singular disc with boundary 2.10. Normalization. The restriction of the above cocycle to the subgroup of compactly supported Hamiltonian diffeomorphisms takes values in the space of smooth functions, after choosing K α ( f ) so that it has compact support. To see that this is possible we first observe that the function K α ( f ) is locally constant outside the support of f . Let x, y ∈ M be two points outside the support of the Hamiltonian function F t generating f . Notice that, by definition, a compactly supported Hamiltonian diffeomorphism is generated by a compactly supported Hamiltonian function. According to the formula in Proposition 2.8, we get that
is actually constant outside the support of f so we can normalize it to be compactly supported.
Since the integration with respect to the symplectic volume is a morphism of 
Here F t is any Hamiltonian function generating f . On the other hand, if we only assume that a symplectomorphism has a compact support, but not that it is generated by a (compactly supported) Hamitonian flow then some Dehn twists τ of T * S 1 supported near the zero section induce K pdq (τ) which cannot be normalized to have a compact support. More precisely, let τ :
t(p)dp
t(p)dp.
Thus K pdq (τ) has compact support if and only if 1 −1 t(p)dp = 2π.
2.11. The case of a closed manifold. Let p : M → M be the universal covering. Let G be a path connected group of homeomorphisms of M and let ev x : G → M be the evaluation map defined by
where x ∈ M is a chosen point. 
Proof. Let f t ∈ G be an isotopy from the identity to f . Define
wheref t is the lift of the path f t (p(x)) starting at x ∈ M. We have to show that Ψ( f ) is well defined. Let f ′ t ∈ G(M, ω) be another isotopy from the identity to f . Then we get thatf 1 
Since the evaluation map induces the trivial homomorphism on the fundamental groups, the above element π is trivial. Hence Ψ( f )(x) is well defined and clearly it is a lift of f . Example 2.13.
(1) It is easy to prove that the image of the homomorphism
is contained in the centre of the fundamental group of M. Hence, the above proposition applies to any space whose fundamental group has trivial centre. It is well known (and difficult to prove, see Corollary 9.1.2 in McDuff-Salamon [16] ) that the evaluation map on the group of Hamiltonian diffeomorphisms of a closed manifold induces the trivial map on the fundamental group. Hence we get the lifing homomorphism Ψ :
It follows from the next proposition that for symplectically hyperbolic manifolds the above cocycle is defined on the group of all symplectomorphisms isotopic with the identity. (
1) If (M, ω) is exact then the map P x,y is a well defined homomorphism. (2) If M is closed then the map P x,y is a well defined homomorphism on the group Ham(M, ω, x, y) cont consisting of those Hamiltonian diffeomorphisms for which both x and y are contractible fixed points. In both cases we shall call it the Polterovich homomorphism (cf. Section 2.1 in Polterovich [17]).
A fixed point x ∈ M of f is called contractible if there exists an isotopy f t from the identity to f such that the loop f t (x) is contractible in M. 
where ev x,y ( f ) = ( f (x), f (y)). If both f t (x) and f t (y) are contractible in M then the loop ( f t (x), f t (y)) is contractible in M × M − ∆ because the diagonal has codimension at least four. Lifting the contraction from ( f t (x), f t (y)) to (x, y) we get an isotopy from the identity to f fixing x and y as claimed. If dim M = 2 then it is easy to construct a Hamiltonian diffeomorphism f of a surface with two contractible fixed points such that any isotopy from the identity to f does not preserve them.
3.3.
Back to the proof of Proposition 3.1. We start with the following lemma which is of independent interest. Let x, y ∈ M and let (x − y) : 
Ham(M, dα)
Proof. This is an application of the Stokes Lemma. Let D be a singular disc as in the previous section.
Proof of Proposition 3.1.
is a cocycle in the trivial module, hence a homomorphism. This proves the proposition in the case of an exact manifold. In the closed case, letx,ỹ ∈ M be points in the preimage p −1 (x) and p −1 (y) respectively. As in Proposition 2.12 and due to the contractibility of the fixed points, we have a homomorphism
Clearly, the composition (x −ỹ) • K α • Ψ is a homomorphism equal to P x,y .
4.
The non-triviality of K Proof. First observe that, according to Remark 2.9, we have
for any two contractible fixed points x, y ∈ M. This observation has been made by Polterovich in [17] .
The second step is to prove that for any Hamiltonian diffeomorphism f ∈ Ham(M, ω) there exist two contractible fixed points x, y ∈ M such that A(F, x) < A(F, y). In the case of a closed symplectically aspherical manifold this was done by Schwarz in [18] . We also refer to McDuff-Salamon (Theorem 9.1.6 on page 283 in [16] ) for the proof.
The case of an exact and convex symplectic manifold was done by Frauenfelder and Schlenk [4] 
be the inclusion. Consider the composition
where the second map is induced by the morphism x − y :
Notice that R is the trivial module hence
An analogous proof works in the closed case, so we get the following.
Corollary 4.3. Let (M, ω) be a closed symplectically aspherical manifold. Then the cohomology class
5. Distortion of cyclic subgroups 5.1. Abstract nonsense. Let Γ be a finitely generated group equipped with a word norm | · | and let (V, · ) be a Γ-module with a norm preserved by the action. Let f ⊂ Γ be a cyclic group generated by Id = f ∈ Γ. Consider the following commutative diagram
where the maps K and P are cocycles, µ : V → R is a map of fmodules and R is a trivial f -module.
Lemma 5.2. Suppose that the following conditions hold:
Proof. First observe that any cocycle K : Γ → V is Lipschitz. To see this, let g 1 , . . . , g k ∈ Γ be the generators inducing the norm | · |.
The hypothesis together with the above observation immediately imply the following inequalities:
It follows that
which finishes the proof. and it clearly can be deformed to the trivial one. Thus we get that the Heisenberg group acts smoothly with compact supports on an open ball S 2 − {x}. This can be generalized in an obvious way to higher dimensions. The centre of the Heisenberg group is a distorted cyclic subgroup as it can be directly calculated (see also 
Proof. Let f ∈ Ham(M, ω) and let x, y ∈ M be any two points. Let f t be an isotopy form the identity to f generated by a Hamiltonian function F t : M → R and letf t andF t be the corresponding lifts to M. According to Proposition 2.8 we get the first equality in the following calculation.
The last quantity is finite becauseF t andf t are lifts of F t and f t respectively and the latter are defined on a compact manifold. Also, the length is calculated with respect to the metric induced from M. We used the easy fact that
where C > 0 is the constant bounding the norm of α.
Let Γ → Ham(M, ω) be an effective action of a finitely generated group. We shall show that every nontrivial cyclic subgroup f of Γ is undistorted.
Proof of Theorem 1.8. Let g 1 , g 2 , . . . , g k ∈ Γ be generators and let m := max i K α (Ψ(g i )) be the Lipschitz constant (cf. Lemma 5.2). Due to the above proposition, m is finite and we have the following estimate
The existence of fixed points x, y ∈ M such that P x,y > 0 is ensured by Theorem 4.1.
7.
The relation with the flux homomorphism 
Further we have that 
where C is a constant bounding the norm of the primitive α. Clearly, the right hand side of the above inequality is finite. This finishes the proof.
18ŚWIATOSŁAW R. GAL AND JAREK KĘDRA As a byproduct of the above result we get the following characterization of Hamiltonian diffeomorphisms of a closed symplectically hyperbolic manifold. 
